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The interplay between quantum fluctuation and spacetime curvature is shown to induce an addi-
tional quantum-curvature (QC) term in the energy-momentum tensor of fluid using the generalized
framework of the stochastic variational method (SVM). The QC term is necessary to satisfy the
momentum conservation but the corresponding quantum hydrodynamics is not necessarily cast into
the form of the Schro¨dinger equation, differently from the case of the Euclidean spacetime. This
seems to suggest that the existence of the Hilbert space is not a priori requirement in the quan-
tization of curved spacetime systems. As an example, we apply the Friedmann-Robertson-Walker
(FRW) metric and show that this term contributes to the cosmological acceleration although it is
too small in the present non-relativistic toy model.
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I. INTRODUCTION
There exists no established formulation of quantum
mechanics in the curved spacetime. Normally the formu-
lation in the Euclidean spacetime is assumed to be held
without a major modification. For example, the existence
of the Hilbert space is required from the beginning. This
is fairly natural but not trivial a priori.
The stochastic variational method (SVM) is one of
quantization schemes [1–3]. Quantization is then for-
mulated as the stochastic optimization of classical ac-
tions: the Schro¨dinger equation is derived by applying
the stochastic variation to the action which leads to the
Newton equation under the standard classical variation.
As a remarkable feature, the existence of the Hilbert
space is not necessarily required. Instead, the optimized
dynamics is represented in the Madelung-Bohm-type hy-
drodynamic form (quantum hydrodynamics) [4], and it
can be cast into the Schro¨dinger equation only when the
fluid velocity is expressed by the gradient of a velocity
potential. If such a hydrodynamics has an additional
term, the velocity potential is not introduced in general
and then the quantized dynamics is not expressed with
the wave function (See below Eq. (21) and Appendix A).
Thus it is interesting to study the application of SVM in
the curved spacetime to investigate the existence of the
Hilbert space formed by the wave function.
The purpose of this paper is to develop the general-
ized SVM applicable to curved spacetime systems, as-
suming that the variational principle is a fundamental
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requirement in quantization. For the sake of simplic-
ity, we consider non-relativistic systems of particle and
continuum medium [5]. Then we show that the inter-
play between quantum fluctuation and spacetime curva-
ture induces the quantum-curvature (QC) term which
can prevent us from introducing the wave function but is
necessary to find a conserved energy-momentum tensor.
As an example of curved spacetime systems, we apply the
Friedmann-Robertson-Walker (FRW) metric and discuss
that the effect of the QC term contributes to the cosmo-
logical acceleration.
In this paper, ~, c and G denote the Planck constant,
the speed of light and the gravitational constant, respec-
tively. The stochastic quantity is denoted by ( ˆ ). The
difference dA(t) is A(t+ dt)−A(t), independently of the
sign of dt. The Einstein notation of the summation is
used.
II. FORMULATION
For a curved spacetime characterized by the metric
gµν , it is possible to find a local Minkowskian system
with the metric ηab (= diag(−1, 1, 1, 1)). The spacetime
position in the former general coordinate is denoted by xµ
while that in the latter by ya. The Greek indices α, β, · · ·
are used to label the general coordinate. The Latin in-
dices a, b, · · · are for the local Minkowskian coordinate
but i, j, k are reserved to denote the spatial components
of xµ. Then the tetrads [6] are eµa(X) = ∂x
µ/∂ya|x=X
and eaµ(X) = ∂y
a/∂xµ|x=X , satisfying gµνeµaeνb = ηab
and ηabe
a
µe
b
ν = gµν . Note that g = det(gµν).
In the SVM quantization, quantum effects are intro-
duced through stochastic motions. We consider a non-
relativistic Brownian motion in the curved spacetime
2where the time component is given by dx0t = cdt, and
a limited spacetime geometry satisfying
g0i = 0 , ∂ig00 = 0 . (1)
The stochastic differential equation (SDE) of such a
Brownian motion is already known for the curved space
[2, 7]. The same equation is applied to the curved space-
time using the tetrad. Then the forward SDE with dt > 0
is given by
dxˆit = u
i
+(xˆt)dt+
√
~
M
eia(xˆt) ◦s dWˆ at , (2)
where xˆt represents (x
0
t , ~ˆxt) and the Stratonovich defini-
tion of the product is given by
f(xˆt) ◦s dWˆ at = f(xˆt+dt/2)dWˆ at , (3)
for an arbitrary smooth function f(x). It should be noted
that Leibniz’s rule of differential for stochastic quantities
is formally held when the Stratonovich definition is ap-
plied [8]. The standard Wiener process Wˆ at has only
spatial components (Wˆ 0t = 0) which satisfy
E[dWˆ at ] = 0 , (4)
E[(dWˆ at )(dWˆ
b
t′ )] = |dt|δabδt,t′ (a, b 6= 0) , (5)
where E[ ] represents the stochastic ensemble average.
The purpose of SVM is to find the unknown smooth func-
tion ui+(x) by the optimization.
The change of the tetrad is determined by the Levi-
Civita-Ito stochastic parallel transport [7],
deµa(xˆt) = −Γµνδ(xˆt)eδa(xˆt) ◦s dxˆνt , (6)
where Γµνδ(x) is the Christoffel symbol. The length of the
transported vector is conserved in this definition. Note
however that a different stochastic transport is consid-
ered in Nelson’s stochastic mechanics of the curved space
[2, 9–11] where, thus, the length is not conserved.
In the formulation of the variational principle, we
should fix not only an initial condition but also a final
condition. This implies that the forward SDE alone is
not sufficient [2, 3]. We further introduce the backward
SDE for dt < 0 as
dxˆit = u
i
−(xˆt)dt+
√
~
M
eia(xˆt) ◦s dWˆ
a
t , (7)
where ui−(x) is another unknown function and Wˆ
a
t is an-
other Wiener process which satisfies the same correla-
tions as Wˆ at . The backward SDE should correspond to
the time-reversed process of the forward SDE. Thus there
exists a condition associating ui−(x) with u
i
+(x). To find
it, we derive the two Fokker-Planck equations for the
probability density defined by [55],
ρ(x) =
∫
cdt√−g E[δ
(4)(xµ − xˆµt )] , (8)
from the forward and backward SDEs, independently.
These Fokker-Planck equations should be equivalent and
then, using Eq. (1), we find the consistency condition,
ui+(x) = u
i
−(x) +
~
M
gij∂j ln ρ(x) . (9)
See also Refs. [2, 3]. Thus the two Fokker-Planck equa-
tions are shown to be reduced to the same equation of
continuity [2, 3],
∇µ(ρ(x)vµ(x)) = 0 , (10)
where ∇µ represents the covariant derivative and
vµ(x) = (v0, vi(x)) =
(
c,
ui+(x) + u
i
−(x)
2
)
. (11)
The stochastic particles follow zigzag paths and thus
the standard definition of the particle velocity is not ap-
plicable. The possible time differentials are studied by
Nelson [12]: one is the mean forward derivative,
D+f(xˆt) = lim
dt→0+
E
[
f(xˆt+dt)− f(xˆt)
dt
∣∣∣Pt
]
, (12)
and the other the mean backward derivative,
D−f(xˆt) = lim
dt→0−
E
[
f(xˆt+dt)− f(xˆt)
dt
∣∣∣Ft
]
. (13)
These expectation values are conditional averages, where
Pt (Ft) indicates to fix values of xˆit′ for t′ ≤ t (t′ ≥ t).
For the σ-algebra of all measurable events of xˆt, Pt and
Ft represent an increasing and a decreasing family of sub-
σ-algebras, respectively. These derivatives are connected
through the stochastic partial integration [3],∫ b
a
dsE[YˆsD+Xˆs] = −
∫ b
a
dsE[XˆsD−Yˆs]
+
∫ b
a
ds
d
ds
E[XˆsYˆs] . (14)
As another new aspect in the formulation for the
curved spacetime, dya = dxµeaµ(x) is generalized for the
stochastic trajectories. Although it is not unique, we
adapt the generalization using the Stratonovich defini-
tion,
dya(xˆt) = dxˆ
µ
t ◦s eaµ(xˆt) , (15)
leading to
eia(xˆt)D±y
a(xˆt) = u
i
±(xˆt) . (16)
Similarly, for a smooth vector function Aµ(x), we find
eia(xˆt)D±(A
µ(xˆt)e
a
µ(xˆt))
= eia(xˆt)E
[
dAµ(xˆt)
dt
◦s eaµ(xˆt) +Aµ(xˆt) ◦s
deaµ(xˆt)
dt
∣∣∣Pt(Ft)
]
=
(
c∇0 + uj±(xˆt)∇j ±
~
2M
gjk(xˆt)∇j∇k
)
Ai(xˆt) . (17)
3Here we used eνa ◦s deaµ + eaµ ◦s deνa = 0.
Let us apply these definitions to the variation of the
stochastic action,
I =
∫ tf
ti
dtE [L] . (18)
As the stochastic Lagrangian, we consider a single-
particle system of the mass M ,
L =
M
4
∑
z=+,−
(Dz yˆ
a)ηab(Dz yˆ
b)− V (xˆt) , (19)
where yˆa = ya(xˆt) and V (x) is a potential energy. In
the stochastic systems, the tetrad is considered to be
more fundamental than the metric and the Lagrangian
is expressed by the tetrad. The kinetic term is replaced
by the average of the contributions from the mean for-
ward and backward derivatives. See Refs. [3, 13, 14] for
other choices. This reduces to the standard classical La-
grangian in the vanishing limit of ~.
The variation of the trajectory is defined by
xˆi −→ xˆit + δf i(~ˆxt, t) , (20)
where the infinitesimal smooth function satisfies
δf i(~x, ti) = δf
i(~x, tf ) = 0. We find the optimized solu-
tion for any choice of δf i(~x, t) and also for any stochastic
distribution of xˆit [1–3]. Then v
i(x) is given by the solu-
tion of the following equation,
(v0∇0 + vj∇j)vi + g
ij
M
∂jV
=
gij~2
2M2
(
∂j
1√
ρ
∆LB
√
ρ− 1
2
Rj
k∂k ln ρ
)
. (21)
Here ∆LB = g
ij∇i∂j is the Laplace-Bertrami operator
but the sum runs only for i, j = 1, 2, 3 because of the
correlation defined by Eq. (5). The first term on the
right hand side is known as the quantum potential which
exists even in the Euclidean space and produces various
non-trivial quantum behaviors [4, 15]. The second term
with the Ricci tensor Rj
k = gklRjl = g
klRµjlµ [16] is
the new term induced by the interplay between quantum
fluctuation and spacetime curvature. This is the term
which we have called quantum-curvature (QC) term.
To cast Eq. (21) into the form of the Schro¨dinger equa-
tion, vi should be expressed in terms of the velocity po-
tential which becomes the phase of the wave function.
See Appendix A. However, because of the possible x de-
pendence in the Ricci tensor, Eq. (21) is not generally
represented by the velocity potential. Therefore we can-
not introduce the wave function using the standard pro-
cedure in quantum hydrodynamics. This seems to sug-
gest that our quantum mechanics in the curved spacetime
is not expressed in terms of the wave function and hence
the representation of quantum states with a linear vector
space is not possible.
It is straightforward to apply the above formulation to
many-body systems when the interaction is represented
by potential. For the sake of later convenience, however,
we rather consider continuum media which is the coarse-
grained description of the many-body systems. The be-
havior of the non-relativistic simple fluid is described by
the mass density and the velocity field. The correspond-
ing stochastic Lagrangian density is obtained from the
classical Lagrangian density for the ideal fluid. In the
Lagrangian coordinates, it is expressed as [13, 14, 17]
L = ρM0(ξ)
×
[
1
4
∑
z=+,−
(Dz yˆ
a)ηab(Dz yˆ
b)− εm[ρM0(ξ)/J(∂xˆt)]
ρM0(ξ)/J(∂xˆt)
]
,(22)
where ρM0(ξ) is the initial mass distribution, εm is the
internal energy density and J(∂xˆt) = det |∂y(xˆt)/∂y(ξ)|.
Note that the particle trajectory in the previous discus-
sion is replaced with that of the fluid element, xˆµt →
xˆµt (ξ) where ξ denotes the initial position of the fluid
element. The mass density of the simple fluid is given
by ρM (x) = Mρ(x) and then the consistency condition
(9) is still held by replacing ρ(x) with ρM (x). Note that
the Gross-Pitaevskii equation is derived from L when the
Euclidean SVM is applied [13, 14].
For the sake of later convenience, we express the opti-
mized result with the fluid momentum density as
∇0(ρMviv0) = −∇jT ijm , (23)
where the fluid stress tensor is defined by
T ijm = ρMv
ivj + gijPm − ~
2
4M2
giαgjβρM∇β∂α ln ρM .(24)
The adiabatic pressure Pm is [13]
Pm = − d
dρ−1M
εm(ρM )
ρM
, (25)
and the QC term and the quantum potential are unified
to the last term. The suffix m indicates the contribution
from matter. Note that ρMv
iv0 and T ijm form a part of
the energy-momentum tensor. The quantum potential is
not sufficient and the QC term is necessary to express
the conserved energy-momentum tensor.
III. EFFECT OF QC TERM
As was discussed, the QC term can prohibit us from
introducing the wave function and then the standard for-
mulation of quantum mechanics needs revision. There-
fore the adequacy of the introduction of such a term
should be investigated carefully.
The typical example of the curved spacetime sys-
tems appears in cosmology. To evaluate the effect of
the QC term, we apply the FRW metric [16], gµν =
diag
(−1, a2/(1−Kr2), a2r2, a2r2 sin2 θ), where a is the
4FRW scale factor and K is a parameter associated with
the geometry, which takes the value 1 (spherical), 0 (Eu-
clidean) or−1 (hyperspherical). We further consider that
the distribution of matter with large scales is homoge-
neous and isotropic. Then, dropping the velocity field
and the spatial derivative terms in Eq. (24), the stress
tensor becomes
T ijm = g
ij
(
Pm − c
4
8πG
ΛQC
)
, (26)
ΛQC = −2π~
2G
M2c5
H0∂0ρM , (27)
where H0 = a
−1(da/dt) is the Hubble constant and the
dimension of ΛQC is the same as that of the cosmological
constant Λ. The second term in T ijm gives the negative
contribution to the pressure [56]. To see this, we use the
energy conservation [16] given by
∂0ρM ≈ c−2Ωm∂0ε = −3c−3ΩmH0(ε+ P ) , (28)
where ε and P are the total energy density of the universe
and the corresponding pressure, respectively. The energy
ratio Ωm is defined by ρMc
2/ε. We assumed that the
time dependence of Ωm is small. Then ΛQC becomes a
positive function,
ΛQC =
6πG
c4
αΩm(ε+ P ) , (29)
where the adimensional parameter is defined by
α =
(
~H0
Mc2
)2
≈ 10−84 , (30)
with M being chosen to be, for example, the mass of
the hydrogen atom M = 1.67× 10−27 kg. That is, ΛQC
induces the effect analogous to Λ which contributes to
the accelerating expansion of the universe.
Whereas the above qualitative behavior is consistent
with the observation, the magnitude is far from the ob-
served value. Substituting the critical density to ε + P ,
the order is estimated by ΛQC ≈ 10−137 m−2 with
Ωm = 0.1, which is too small compared to the accepted
value, Λ ∼ 10−52 m−2 [18–20]. The situation is not much
improved even if we consider a lightweight particle of the
dark matter candidate like axion. It should be however
noted that ΛQC in Eq. (27) can be inhomogeneous and
the above estimate is not appropriate for the quantita-
tive discussion of the accelerating expansion. See also the
later discussion.
On the other hand, we observe that, applying Eq. (27)
to a localized mass distribution, the second term in T ijm
gives a negative contribution for ∂0ρM < 0 and a positive
constitution for ∂0ρM > 0, respectively. Therefore the
QC term suppresses the diffusion of the mass distribution
and then the gravitational force seems to be effectively
enhanced. Such a behavior is analogous to a part of the
effects expected by the dark matter [21, 22].
TABLE I: SVM quantizations in different spacetimes
Spacetime Schro¨dinger eq. Quantum hydro.
Euclidean YES YES
Curved NO YES
It is known that the expectation value of the energy-
momentum tensor operator can be calculated in the stan-
dard quantum field theory, leading to the correction to
the cosmological constant induced by the interplay be-
tween quantum fluctuation and spacetime curvature (see,
for example, [23]). However the QC term is not repro-
duced in such an approach because it is not expressed in
the form of the expectation value of an operator.
IV. CONCLUDING REMARKS
In this paper, the stochastic variational method was
generalized to the non-relativistic curved spacetime sys-
tems for the first time. Then we can discuss quantization
without assuming the existence of the wave function a
priori. This is applicable not only to non-relativistic par-
ticle systems but also to continuum media. We further
showed that the interplay between quantum fluctuation
and spacetime curvature induces the quantum-curvature
term which can prevent us from deriving the Schro¨dinger
equation by introducing the wave function, but is nec-
essary to find the conserved energy-momentum tensor.
As an example of the curved spacetime systems, the
Friedmann-Robertson-Walker metric was applied. The
QC term is consistent in the sense that it does not vi-
olate the standard scenario of cosmology: the effect of
the QC term contributes to the cosmological accelera-
tion although its quantitative influence is too small in
the present non-relativistic toy model.
It should be noted that the application to the cosmo-
logical problem is not our principal purpose. We intended
to find a possibility for the large modification of quantum
mechanics. In Table I, the SVM quantizations in the Eu-
clidean and curved spacetime systems are summarized.
As is well-known, quantum mechanics in the Euclidean
spacetime is described by quantum hydrodynamics which
can be reexpressed in the form of the Schro¨dinger equa-
tion [1–4]. On the other hand, when we apply SVM
to curved spacetime systems, the obtained quantum hy-
drodynamics is not necessarily cast into the form of the
Schro¨dinger equation. In this discussion, we assumed
that the standard procedure to obtain the Schro¨dinger
equation from quantum hydrodynamics is applied. There
may exist another way to derive the Schro¨dinger equa-
tion for any curved spacetime, but such a method is not
yet found. See Appendix A. Moreover, the background
spacetime geometry was assumed to be given by an exter-
nal field so far. Thus the wave function may re-appear
in a larger function space where the fluctuation of the
geometry is taken into account.
5There are attempts to gain a new insight for the inter-
play between quantum fluctuation and curved geometry
in the Lab. For example, the Bose-Einstein condensate is
regarded as an analogue black hole [24–26]. The quantum
superposition of spacetime geometries will be observed
through the gravitational entanglement of mesonic par-
ticles which is called Bose-Marletto-Vedral (BMV) effect
[27–29]. Our toy model may be applied to study these
kinds of phenomena.
The existence of the propagations from the past and
the future is a remarkable feature of SVM. Such a prop-
erty can be however found even in different branches of
physics. For example, the interaction between charged
particles is described by the average of retarded and
advanced fields in Wheeler-Feynman’s absorber theory
[30]. Moreover, there is a proposal to interpret quantum
mechanics in a time-symmetric manner [31–33]. Inter-
estingly, the similar idea was already introduced in the
probability theory by Schro¨dinger in 1931 [34, 35]. This
is known as the reciprocal process or Schro¨dinger bridge
problem [36–38]. The relation between SVM and the re-
ciprocal process is discussed in Refs. [39, 40]. The recip-
rocal process is further useful to understand the nonequi-
librium work relation in statistical physics [41].
There exist various effects which have not yet been dis-
cussed. For example, because of the single-valuedness of
wave function, quantum hydrodynamics is considered to
require an additional condition analogous to the Bohr-
Sommerfeld quantization condition. See Refs. [42, 43]
and Sec. 3.2.2 in Ref. [4]. The corresponding condition
for the present model is not yet investigated. The rel-
ativistic effect may modify the QC term and then the
Wiener process in the present work may be substituted
by the Poisson process [44]. To have the consistent back
reaction between the quantized matter and the classical
curved spacetime, the quantum-classical hybrids should
be considered [45, 46]. It is also interesting to study the
vacuum energy and the particle creation in the field the-
ory [47–50]. These are challenges for the future.
Finally we would like to emphasize again that the
Hilbert space is not necessarily a priori requirement in
quantization and thus it is important to pursue the pos-
sible modifications of quantum mechanics from a wide
perspective not only in curved spacetime systems but also
in open quantum systems [14, 41, 51–54].
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J. Schaffner-Bielich, A. K. Kohara and R. O. Ramos for
useful discussions and comments, and acknowledge the
financial support by CNPq (307516/2015-6,303468/2018-
1), FAPERJ, CAPES and PRONEX. A part of the work
was developed under the project INCT-FNA Proc. No.
464898/2014-5.
Appendix A: Phase of wave function
There is a spatial geometry where we can still introduce
the Schro¨dinger equation in curved geometries. Let us
consider the Ricci tensor given by the diagonal form,
Rj
k = −2γδkj , (A1)
where γ is a constant. This is observed, for example, in
the geometry of hyperspherical surface.
By introducing a scalar field θ by
mvi = ~gij∂jθ , (A2)
Eq. (21) is reexpressed as the equation for θ,
~∂tθ +
~
2
2m
(∂iθ)g
ij(∂jθ) + V
=
~
2
2m
1√
ρ
∆LB
√
ρ+
~
2
2m
γ ln ρ . (A3)
We further introduce the wave function φ using θ as the
phase,
φ =
√
ρeiθ . (A4)
Then φ is described by the following non-linear
Schro¨dinger equation,
i~∂tφ =
[
− ~
2
2m
∆LB + V − ~
2
2m
γ ln |φ|2
]
φ . (A5)
By analyzing the above derivation, one notices that, to
obtain the equation for θ, the QC term is expressed as
gijRj
k∂k ln ρ = g
ij∇k(Rjk ln ρ) . (A6)
However, because of the possible x dependence in Rj
k,
this is not generally satisfied.
Is it possible to extend the above argument to find the
Schro¨dinger equation for general Rj
k? For example, we
replace Eq. (A2) with
mvi = ~gij∂jθ +B
i , (A7)
where Bi is a vector field. Substituting this into Eq. (21)
and choosing the form of Bi appropriately, it might be
possible to find the equation of θ for any Rj
k. However,
then, the momentum, which is given by the gradient of θ
in quantum hydrodynamics, does not coincide with the
inertia defined by the product of mass and velocity. This
occurs for charged-particles interacting with gauge fields.
See Eq. (58) of Ref. [13]. In the present case, the momen-
tum is equivalent to the inertia at least in the classical
limit and thus it is not easy to justify such a modifica-
tion. The answer to the above question is negative at the
present moment.
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